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Making use of the method presented in [l], we solve the plane elasticity theory 
problem of the plane with a rectilinear cut, having mixed boundary conditions 
at its edges. 

1, Assume that the domain S’, occupied by a homogeneous, elastic and isotropic 
medium, is represented by the plane of the complex variable z = x + iy, cut along the 
segment L = ab of the real axis OX. We take as the positive direction along L the 
positive direction of the Ox-axis and we will assign to the boundary values of the con- 
sidered functions at the left and right-hand side of L the index plus and minus,respect- 

ively. 
The problem consists in the determination of the state of stress of the elastic medium 

uder the following boundary conditions : 

v+=fl(t), v-=fa(t)on L (~.~I 

X,+ = kY,+, x,- = kYy- on L U.2) 

where k = con& > 0, while fr (t) andef, (t) (t E L) are given functions whose values 
together with their derivatives fi’ (t) and fa’ (t) , are small quantities of the order of the 

admissible displacements. We consider that 11’ (t) and fz’ (t) satisfy the Holder condition 
on L. Here and in the sequel we make use of the definitions and notations adopted in 
[l]. We also assume that the following conditions hold : 

v+ (a) = v- (a), uf (b) = u- (b) (1.3) 

and we specify [l] 
Y = B f iC, I” = B’ + iC’, C = 0 (1.4) 

so that at infinity the stresses are bounded and the rotation is equal to zero. We further 

assume that the resultant vector (X, Y) of the external forces applied to both edges of 
the cut L is satisfied, i.e. Y = - 

5 
[p(t) - q (t)l dt, X= kY 

p (t) = y,+, q (t) = Y,-, (t E L) 

It is known [l] that the elastic equilibrium of S’ is defined in terms of two functions 
Q, (z) and B (z), holomorphic in S’, including the point at infinity, which for large 1 z 1 
have the form (see [l] Sect. 120) : 

@(z)=P- 2c;(;-y1) ++ o(f) (i<x<3) 

x(X+iY) 1 
Q (2) = P + F’ + zn (% + i) ,+0(G) (1.5) 

Here x is a constant which characterizes the elastic properties of the medium. We con- 
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sider that in the neighborhood of each of the extremities a and b the following esti- 

mates (c is the corresponding extremity) 

hold. In addition, we consider that at all points t E L which do not coincide with the 

extremities 
lim,,, ycD’ (z) = 0 (z = x + iy) (i-6) 

Making use of the formulas (see [l],Sect.l20) 
_- 

Y, - ix, = @ (z) + B (F) + (z - Z) CD' (z) 

2p($+ i~)=~~(z,-n~~~-(z--*~ 

and taking into account (1.6). we transform the boundary conditions (1.1). (1.2) into the 

following form (p is Lame constant): 

x [Q,+ (t) - @,f (1)] - [Q- (t) - Q- (t)] = 4pifr’ (t) on L 

1c [V (t) - W (t)] - [Q+ (t) - Q+ (t)] = 4pifa’ (t) on L (1.7) 
[@ (t) - 8 (t)]+ - [@ (t) - P (t)]- = (1 - ik) [p (t) - q(t)] on L 

IQ V) + Q PII+ + [@ (t) + Q (Ql- = (1 - ik) b (t) + q (01 on L (1.8) 

Thus, the formulated problem has been reduced to the determination of the functions 

@ (z) and P (z) from the conditions (1.7). (1.8). where p (t) and q (t) are unknown real 

functions. 
Since @ (CD) - Q (CG) = -T’, the general solution of the first of the boundary value 

problems (1.8) can be expressed by the formula [l] 

@(z)-B(z)__~s P@;-_;(t) dr-i+, --i;l=C, (1.2) 
L 

Then, setting 
x (z) = l/(z - a) (b -z), lim, .+= z”X (z) = - i 

for the general solution of the second of the boundary value problems (1.8). we obtain 

Cl1 1 - ik 
’ (‘) + ’ (‘) = 2niX (z) 

x+ (4 [P(T) + q @)I dz I Cl+,Ca 
‘c-z (1.10) 

Here by X+ (t) = I/(t - a) (b - t) we mean the values taken by X (z) on the upper 
edge of the cut L, while C, and Cg are arbitrary complex constants subject to deter- 

mination. Taking into account that for large [ z 1 

1 a+b 1 --- i +iz_ 
X(z)_ z z1 f... 

from (1.10) we obtain 

W)+a(z)==ic1+i(C,++Jf+O(&) 

On the other hand, from (1.5) we have 

‘3 (z) + 52 (z) = 2B + T’ + 
(z-l)(X+iY) 1 

Zn (x + 1) y+ C(G) 

From the last two equalities we obtain for the constants C, and C, 
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Cl = -i (2B +T) 

Ca = (x - 1) (1 - ikj y + i a + b 
2J-c (x + I) 2 (2B ff”) (1.11) 

In the sequel we assume that C, and C, are known. From (1.9) and (1.10) we deter- 

mine UYI (z) and Sz (z). Making use of the Sokhotskii-Plemelj formulas [2, 31 and tak- 

ing into account that X- (t) = -A” (t) on L, we obtain 

2@,+ (t) = (1 _ ik) { & p’t’2- ’ (t) + ’ @) ; q (‘), + & 1 ? “) 1 ; (fl dr f 

L 

1 
2niX+ (t) s x+(‘)[p~;+qcnl dr 

L 

(1.12) 

2&(i) = (1 - ik) 
p (t) - Q (t) + P (t) + Q (t) 1 

2 2 -2ni s 
P (T) - Q @) dz + 

r---t - 
L 

1 x+ w [P (r) + Q WI 
2niX+ (t) z-t 

Substituting CD* (t) and Qf (t) from (1.12) into the equalities (1.7). after some simple 
transformations we obtain for the unknown functions p (t) and q (t) the following sys- 

tern of singular integral equations : 

(1 - x) k [P (t) + q (t)] - 
% + 1 P (z) - q (z) 
7 7-t dz = 4y [II’ (t) + fa’ (t)] - 2 (x + i) bo 

k + 1 
U--x)kb(t)-q(t)l-q s 

x (%I [P (f) + P WI do = 
Z--t 

L 

411 [/l’(t) - fn’(Q1 - 2 (x + 1) 
bit + ba 

x (q (1.13) 

Here by X (t) we have denoted x+ (t), while be, b,, b, are determined from the equa- 
lities Co = a0 + ib,, C1 = aI + ib,, C, = a, + ib, 

Making use of the methods given in [4], we can prove on the basis of the assumptions 

introduced that the system (1.13) has a unique solution given by the following expres- 
sion : 

P (t) + Q (t) = - 
4Pk (x - 1) Ifl’ (t) + fa’ WI 4p(x+i) 

(x + 1)’ + kz (x - 1)a + Ic [(x + 1)s + k” (x - l)a] x 

fi’ CT) - fa’ h) d7 + 2k (~2 - 1) C’ + 2 (x + i)s (2B + B’) (1 .i4) 
z-t (x + I)2 + ks (% - I)2 

P (t) - q (1) = - 
‘W (x - 1) [fl’ (4 - fa’ @)I 4lJ (x 4 i) 

(X + i)* + F (X - 1)s + n [(x + 1)2 + ks (x - i)2] X (t) ’ 

s x NJ [fl’ 6) + fa’ WI dz + [(x + i)*C’ - k (xa - 1) (2B + B’)] (2t - a - b) Y -- 
Z--t [(x + I)2 + ka (x - 4)y A- (t) - - Jlx V) 

It should be noted that the result obtained holds also in the case k = 0. 

Since p (t) + q (t) and P (t) - q (t) are already known, from (1.9) and (1.10) we 
obtain @ (2) + Q (z) and Q, (z) - 61 (z), consequently, also ID (z) and 62 (z). This solves 
the formulated problem. 
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2. We consider an example. Assume that a symmetric cut L % [--I, I] is given on 
which 

v+ =z - 2iR (1” - P), 
1 

v- = 2H (t2 - rn) 

where the constant R > 0 is sufficiently large. We assume that on both edges of L the 

relations (1.2) are satisfied. We also assume that the stresses and the rotation vanish at 

infinity and that the resultant vector of the external forces acting on both edges of the 
cut L is equal to zero. 

Under these assumptions, taking into account (1.4) and (1.11). we setB = B’= C’ = 0, 
from where by virtue of the formulas (1.14) we obtain 

8P (x + 1) ( 1-t 
P(t)+q(t)=- nR[(x+f)2+ k2($4-1)2] 2J+tInpJ 

8pk(x--i) t 
P (t) - q (t) = R [(x + i)‘, + /$ (x - 1)1] 

Substituting the expressions for P (f) + Q (t) and P (r) - q (t) into (1.9) and (1. lo), 
respectively, we obtain for the functions @ (z) and P (z) 

Here by ln [(z - 1) / (z f Z)] we mean the branch which is holomorphic in the plane 
cut along L and which vanishes at infinity. 

The obtained functions @ (z) and D (z) determine the state of stress of the elastic 
medium which occupies the domain S’. 
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